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Unmanned helicopterAbstract A sliding mode control design for a miniature unmanned helicopter is presented. The
control objective is to let the helicopter track some predeﬁned velocity and yaw trajectories. A
new sliding mode control design method is developed based on a linearized dynamic model. In
order to facilitate the control design, the helicopter’s dynamic model is divided into two subsystems,
such as the longitudinal-lateral and the heading-heave subsystem. The proposed controller employs
sliding mode control technique to compensate for the immeasurable ﬂapping angles’ dynamic
effects and external disturbances. The global asymptotic stability (GAS) of the closed-loop system
is proved by the Lyapunov based stability analysis. Numerical simulations demonstrate that the
proposed controller can achieve superior tracking performance compared with the proportional-
integral-derivative (PID) and linear-quadratic regulator (LQR) cascaded controller in the presence
of wind gust disturbances.
ª 2015 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.1. Introduction
Compared with the ﬁxed-wing unmanned aerial vehicles
(UAVs), unmanned helicopters have signiﬁcant advantageous
characteristics of hovering, take-off and landing vertically,
low altitude ﬂight and multi-attitude ﬂight. These qualities
have made them suitable for a variety of military and civilian
applications. The unmanned helicopter is a special vehicle,which is a dynamic system of 6 degrees of freedom (6-DOF),
underactuated, multiple-input multiple-output (MIMO),
strong coupling and nonlinear UAV. Consequently, the
development of reliable unmanned helicopter ﬂight control
system has become a very challenging topic in academic
communities recently.1
Most of high-performance ﬂight control systems are model-
based control architecture which depends on the accurate
dynamics of the helicopter. In most studies that exist in the
literature,2–4 the proposed designs are developed based on
speciﬁc helicopter platforms. The nonlinear model based on
ﬁrst-principle modeling approach is not suitable for ﬂight
control design. In comparison with the nonlinear model, the
linearized model is more suitable for the controller synthesis
in practical autonomous ﬂight. Cai et al.5 attained a
parameterized dynamic model of helicopters by combining
Fig. 1 Helicopter’s body-ﬁxed frame.
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Lyapunov-based control design method6 is applied to proceed
on the controller synthesis in Refs.7–9 However, the control
design proposed by these literatures does not consider the
model uncertainties and external perturbations. Besides, many
previous work focuses on the stability analysis of closed-loop
dynamics, but very few works have considered the inﬂuence
of wind gusts, whereas it is a crucial problem for out-door
application. Recently, researchers are beginning to realize that
preserving stability in the presence of exogenous disturbances
is one of the critical issues. Cai et al.10 used H1 control tech-
nique to yield good robust properties with respect to external
disturbances. Leonard et al.11 designed an active disturbance
rejection control based on extended state observer and used
it to suppress the lateral and vertical wind gust disturbances.
In this paper, a new sliding mode controller for a class of
unmanned helicopter which involves immeasurable ﬂapping
angles dynamics and external disturbances is proposed. Sliding
mode control12–14 has the advantages of fast response, no
online identiﬁcation and easy to implement. It is also proposed
to stabilize underactuated systems which are in cascaded form.
The linearized dynamics model structure is used for the ﬂight
control development. In order to facilitate the control design,
the helicopter model is divided into two subsystems, such as
the longitudinal-lateral subsystem and the heading-heave sub-
system. Since there is no strong coupling between the two sub-
systems, the controllers can be designed respectively. Sliding
mode control technique is applied to compensate for the inﬂu-
ence of immeasurable ﬂapping angles’ dynamic effects and
external perturbations. The global asymptotic stability
(GAS) of the closed-loop error system is proved by the Lyapu-
nov-based stability analysis. Numerical simulation is per-
formed to demonstrate that the controller can achieve
superior tracking performance and robustness compared with
the proportional-integral-derivative (PID) and linear-qua-
dratic regulator (LQR) cascaded controller in the presence of
external disturbances.2. Dynamic model of an unmanned helicopter
The motion variables of unmanned helicopter are expressed
with respect to a body-ﬁxed reference frame deﬁned as
FB ¼ fOB; xB; yB; zBg, where the center OB is located at the
center of gravity (CG) of the helicopter. The directions of
the body frame orthonormal vectors are shown in Fig. 1.
The linear velocity and angular velocity vectors are denoted
by vB ¼ u; v; w½ T and xB ¼ p; q; r½ T, where u; v and
w represent longitudinal velocity, lateral velocity and vertical
velocity respectively, p; q and r represent roll angle velocity,
pitch angle velocity and yaw angle velocity respectively. The
orientation vector is given by H ¼ /; h; w½ T, with /; h
and w the roll angle, pitch angle and yaw angle. TM and TT
denote thrust vector of the main rotor and tail rotor, respec-
tively. The ﬂapping angles a and b, which represent the tilt
of the tip-path-plane (TPP) at the longitudinal and lateral axis
respectively, are also depicted in Fig. 1. In the following, we
will give the dynamics model of the helicopter.5,8,15,16
Generally, the 11-state nonlinear dynamics for unmanned
helicopter is given as
_xðtÞ ¼ fðxðtÞ; ucðtÞ; dwðtÞÞ ð1Þwhere x ¼ u; v; w; p; q; r; /; h; w; a; b½ T is
the state vector; uc ¼ ulon; ulat; uped; ucol½ T is the control
input, with ulon and ulat the cyclic control inputs which control
the inclination of the TPP in the longitudinal and lateral
directions, uped and ucol are the collective control inputs;
dw ¼ d1; d2; d3½ T denotes the unknown time-varying
external wind disturbance. The nonlinear dynamics equations
can be expressed as
m _vB ¼ mSðxBÞvB þmgRðHÞTe3 þ TM þ dw
_H ¼ WðHÞxB
J _xB ¼ SðxBÞJxB þMðTmrÞvc þNðTmrÞ
_a ¼ q 1
sf
aþ Abbþ Alonulon
_b ¼ pþ Baa 1sf bþ Blatulat
8>>>>>><
>>>>>>:
ð2Þ
where m represents the mass of the helicopter; g is the acceler-
ation of gravity; J ¼ diagðJxx; Jyy; JzzÞ denotes inertia matrix of
the helicopter with Jxx; Jyy and Jzz the rolling inertia moment,
pitching inertia moment and yawing inertia moment; SðxBÞ
denotes the skew symmetric matrix of vector xB;RðHÞ
2 SOð3Þ is the rotation matrix representing the orientation
of the body frame FB with respect to the inertia frame
F I; e3 ¼ 0; 0; 1½ T is a unit vector; WðHÞ represents the
angular velocity transfer matrix. TM ¼ Tmra; Tmrb;½
TmrT; TT ¼ 0; Ttr; 0½ T;vc ¼ b; a; Ttr½ T;MðTmrÞ 2R33
represents an invertible matrix for Tmr and NðTmrÞ 2R3 repre-
sents a parameter vector for Tmr; Tmr ¼KmucolþBm and
Ttr ¼KtupedþBt are the magnitudes of the generated thrusts,
with Km;Kt;Bm and Bt are constants; sf is the main rotor time
constant; Ab and Ba account for the cross-coupling effects
occurring at the level of rotor itself; Alon and Blat are the input
derivatives.
To derive the control law, the dynamics in Eq. (1) are
linearized around the trim ﬂight condition. The following
state-space expressions are obtained:
_xðtÞ ¼ AxðtÞ þ BucðtÞ þ EdwðtÞ
yðtÞ ¼ CxðtÞ

ð3Þ
where y ¼ u; v; w; w½ T is the output vector. The
Jacobian matrices of A 2 R1111 and B 2 R114 for hover ﬁght
condition are given as
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@x

x ¼ x0
¼ A11 083
A21 A22
 
;
B ¼ @f
@uc

uc ¼ uc0
¼ B11 082
032 B22
  ð4Þ
where x0 and uc0 represent trim state vector and control input
vector. The detailed expressions of block matrix A and B are
given as
A11 ¼
Xu 0 g 0 0 0 Xa 0
0 Yv 0 g 0 0 0 Yb
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
Mu Mv 0 0 0 0 Ma 0
Lu Lv 0 0 0 0 0 Lb
0 0 0 0 1 0  1
sf
Ab
0 0 0 0 0 1 Ba  1sf
2
666666666666666664
3
777777777777777775
A21 ¼
0 0 0 0 0 0 0 0
0 Nv 0 0 0 Np 0 0
0 0 0 0 0 0 Za Zb
2
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3
75
A22 ¼
0 1 0
0 Nr Nw
0 Zr Zw
2
64
3
75
8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:
ð5Þ
and
B11 ¼
0 0 0 0 0 0 Alon 0
0 0 0 0 0 0 0 Blat
 T
B22 ¼
0 Nped 0
0 0 Zcol
 T
8>><
>>:
ð6Þ
with Xu;Yv;Xa;Yb;Mu;Mv;Ma, Lu;Lv;Lb;Nv;Np;Za;Zb;Nr,
Nw;Zr;Zw the stability derivatives; Nped and Zcol the input
derivatives. Deﬁne the nominal system matrix A ¼ A0 and
control matrix B ¼ B0 when the helicopter is at hover ﬂight
condition. When the helicopter is at other trim ﬂight condition,
the Jacobian matrices of A and B can be represented as
A ¼ A0 þ DA and B ¼ B0 þ DB, with DA and DB the uncertain
matrices of other ﬂight condition, and the uncertain matrices
are norm bounded. Thus Eq. (3) can represent a family of
linearized helicopter models. Besides, E 2 R113 is the wind
effect matrix, and C 2 R411 is the output gain matrix.
Assumption 1. The matrix pairs ðA11;B11Þ and ðA22;B22Þ are
controllable.7,8
Assumption 2. The input derivatives Alon;Blat;Nped and Zcol are
nonzero.7,8
Assumption 3. The stability derivatives g;Ma and Lb are
nonzero.7,8
These assumptions reﬂect the fact that the linearized model
in Eq. (3) has to be physically meaningful.
3. Control problem statement
The primary control objective is to design the control inputs
uc ¼ ulon; ulat; uped; ucol½ T in order to track a referencevelocity along with the yaw angle, which is denoted by yr ¼
ur; vr; wr; wr½ T, in the presence of external disturbances.
Remark 1. For most rotor hub mechanical conﬁgurations, the
ﬂapping angles a and b have typically a bound of 15.8,15
Remark 2. The desired translational velocity urðtÞ; vrðtÞ;wrðtÞ
and heading angle wrðtÞ are constructed such that uðiÞr ðtÞ;
vðiÞr ðtÞ 2 L1ði¼ 0;1;2;3;4Þ and wðiÞr ðtÞ;wðiÞr ðtÞ 2 L1ði¼ 0;1;2Þ,
where the superscript ðiÞ represents the i th order time
derivative of the variable.
Remark 3. The unknown external wind disturbance diðtÞ
ði ¼ 1; 2; 3Þ is continuous differentiable and bounded up to
its third-order time derivative, i.e. diðtÞ 2 C3; diðtÞ; _diðtÞ;
€diðtÞ; dð3Þi ðtÞ 2 L1.4. Fight control design
Inspired by the control design proposed in Refs.,7,8 the dynam-
ics in Eq. (3) can be divided into two subsystems, which are the
longitudinal-lateral subsystem P1 and the heading-heave
subsystem P2, listed as follows:
P1 : _x1 ¼ A11x1 þ B11uc1 þ E11dw1 ð7Þ
P2 : _x2 ¼ A22x2 þ B22uc2 þ A21x1 þ E22dw2 ð8Þ
where P1 in Eq. (7) represents an underactuated subsystem
related to the longitudinal motion uðtÞ, lateral motion vðtÞ,
pitch rotation hðtÞ and roll rotation /ðtÞ; x1 ¼ u; v; h;½
/; q; p; a; bT is the state vector of subsystem P1; uc1 ¼
ulon; ulat½ T is the control input vector of P1; dw1 ¼
d1; d2½ T is the external disturbance vector; E11 2 R82 is
the wind effect matrix for subsystem P1;P2 in Eq. (8) repre-
sents a full actuated subsystem related to the vertical motion
wðtÞ and yaw rotation wðtÞ; x2 ¼ w; r; w½ T is the state
vector of P2; uc2 ¼ uped; ucol½ T is the control input vector
of P2; dw2 ¼ d3 is the external disturbance; E22 2 R31 is the
wind effect matrix for P2.
4.1. Longitudinal-lateral subsystem
Due to the presence of stability derivatives Xa and Yb in the
longitudinal-lateral subsystem, the original nonlinear dynam-
ics is slightly non-minimum phase system.17,18 Fortunately,
the effect of the translational forces produced by the ﬂapping
motion of main rotor named as small body forces are negligi-
ble,8,16 and the small body forces can also be lumped to the
external perturbation items. The linearized dynamic model of
longitudinal-lateral subsystem is summarized by
_u ¼ Xuu ghþ d1
_v ¼ Yvvþ g/þ d2
_q ¼MuuþMvvþMaa
_p ¼ Luuþ Lvvþ Lbb
_h ¼ q
_/ ¼ p
_a ¼ q 1
sf
aþ Abbþ Alonulon
_b ¼ pþ Baa 1sf bþ Blatulat
8>>>>>>>>><
>>>>>>>>>:
ð9Þ
280 B. Xian et al.To achieve the control objective, a translational velocity
tracking error e1ðtÞ 2 R2 is deﬁned as
e1 ¼
eu
ev
 
¼ u
v
 
 ur
vr
 
ð10Þ
By taking the time derivative of e1ðtÞ, adding and subtract-
ing Xuur; Yvvr½ T and substituting Eq. (9) into the resulting
equation, we have
e2 ¼ K1e1 þ K2
h
/
 
þNd ð11Þ
where K1 ¼ diagðXu;YvÞ;K2 ¼ diagðg; gÞ, Ndðt; ur; vrÞ 2 R2 is
an auxiliary function deﬁned as
Nd ¼ K1
ur
vr
 
 _ur
_vr
 
þ d1
d2
 
ð12Þ
By taking the time derivative of e2ðtÞ, substituting Eq. (9)
into the resulting equation, it can be obtained that
e3 ¼ K1e2 þ K2
q
p
 
þ _Nd ð13Þ
After taking the time derivative of e3ðtÞ, substituting Eq. (9)
into the resulting equation, we can obtain the following
expression
e4 ¼ K1e3 þ K2
MuuþMvvþMaa
Luuþ Lvvþ Lbb
 
þ €Nd ð14Þ
In order to facilitate the subsequent controller development,
a sliding mode surface is designed to stabilize the longitudinal-
lateral subsystem. The sliding surface sðtÞ ¼ s1ðtÞ; s2ðtÞ½ T 2
R2 is deﬁned as
s ¼ e4 þ 3Ke3 þ 3K2e2 þ K3e1 ð15Þ
where K ¼ diagðk1; k2Þ denotes a control gain matrix. Accord-
ing to the deﬁnition of Eq. (15), e1ðtÞ can be thought of as
obtained from sðtÞ through a third-order low pass ﬁlter, where
k11 and k
1
2 are time constants. According to the property of
linear system, e1ðtÞ has the same steady characteristic as sðtÞ.
By taking the time derivative of Eq. (15), substituting
Eqs. (9), (11), (13) and (14) into the resulting equation, the
following expression can be obtained that
_s ¼ D1 þ h1 þ K2K3K4
ulon
ulat
 
ð16Þ
where K3 ¼ diagðMa;LbÞ;K4 ¼ diagðAlon;BlatÞ. The auxiliary
function D1ðtÞ 2 R2 in Eq. (16) is deﬁned as
D1 ¼ K2K3
 1
sf
aþ Abb
Baa 1sf b
2
64
3
75þNð3Þd ð17Þ
Based on Remarks 1–3, it can be concluded that
D1ðtÞ 2 L1.The auxiliary function h1ðtÞ 2 R2 in Eq. (16) is
deﬁned as
h1 ¼ K1e4 þ K2
MuðXuu ghÞ þMvðYvvþ g/Þ
LuðXuu ghÞ þ LvðYvvþ g/Þ
 
K2K3
q
p
 
þ 3Ke4 þ 3K2e3 þ K3e2
ð18Þ
There is no unknown parameter or external disturbance in
Eq. (18). Based on Eq. (16) and subsequent stability analysis,
the controller ulon and ulat are designed asulon
ulat
 
¼ K1 h1 
b1sgnðs1Þ
b2sgnðs2Þ
 
 k1s1
k2s2
  
ð19Þ
where K ¼ K2K3K4 2 R22 is a constant matrix;
b1; b2; k1; k2 2 Rþ are control gains; sgnðÞ represents a stan-
dard signum function. Substituting Eq. (19) into Eq. (16), we
can obtain that
_s ¼ D1 
b1sgn s1ð Þ
b2sgn s2ð Þ
 
 k1s1
k2s2
 
ð20Þ
Theorem 1. The control law of Eq. (19) ensures the global
exponential convergence of the translational velocity tracking
error as illustrated by
lim
t!1
e1 ¼ 0 ð21Þ
Provided that the control gains b1 and b2 are selected to
satisfy the following inequalities
b1 P 1 0½ D1k k1
b2 P 0 1½ D1k k1

ð22Þ
Proof 1. To prove the above theorem, deﬁne a Lyapunov
function candidate V1ðtÞ 2 R as follows:
V1 ¼ 1
2
sTs ð23Þ
After taking the time derivative of Eq. (23), substituting Eq.
(20) into the resulting equation, we can obtain that
_V1 ¼ sTD1  b1js1j  b2js2j  k1s21  k2s22 ð24Þ
Utilizing Eq. (22), it can be concluded that
_V1 6 kminsTs ¼ 2kminV1 ð25Þ
where kmin ¼ minfk1; k2g. According to Eq. (25), V1ðtÞ is expo-
nential convergence. Since V1ðtÞ of Eq. (23) is a non-negative
function, we have V1ðtÞ 2 L1. According to Eq. (23), sðtÞ is
exponential stable. From Eq. (19) and Assumptions 1 and 3,
we know that ulonðtÞ; ulatðtÞ 2 L1. Based on Eq. (15), we can
get that e1ðtÞ has the same steady characteristic as sðtÞ. Thus,
the result in Eq. (21) is proved. h4.2. Heading-heave subsystem
The goal of this section is the design of control laws uped and
ucol, which are responsible for the heading and vertical velocity
tracking. The linearized dynamic model of heading-heave sub-
system is summarized by
_w ¼ r
_r ¼ NvvþNppþNwwþNrrþNpeduped
_w ¼ Zaaþ Zbbþ Zwwþ Zrrþ d3 þ Zcolucol
8><
>: ð26Þ4.2.1. Heading dynamics
Let the yaw tracking error ewðtÞ 2 R be deﬁned as
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In order to facilitate the controller development, a sliding
surface s3ðtÞ 2 R is deﬁned as
s3 ¼ d
dt
þ k3
 2 Z t
0
ewðsÞds ð28Þ
where k3ðtÞ 2 Rþ denotes a control gain. According to
Eq. (28),
R t
0
ewðsÞds is obtained from s3ðtÞ through a second-
order low pass ﬁlter, and ewðtÞ has the same steady character-
istic as s3ðtÞ. After taking the time derivative of Eq. (28),
substituting Eq. (26) into the resulting equation, the following
open-loop dynamics of s3ðtÞ can be obtained:
_s3 ¼ D2 þ h2 þNpeduped ð29Þ
The auxiliary function D2ðtÞ 2 R in Eq. (29) is deﬁned as
D2 ¼ €wr  2k3 _wr ð30Þ
Based on Remark 2, we know that D2ðtÞ 2 L1. The auxil-
iary function h2ðtÞ 2 R in Eq. (29) is deﬁned as
h2 ¼ NvvþNppþNwwþNrrþ 2k3rþ k23ew ð31Þ
There is no unknown dynamics parameter or external dis-
turbance in Eq. (31). Based on Eq. (29) and subsequent stabil-
ity analysis, uped is designed as
uped ¼ 1
Nped
h2  b3sgnðs3Þ  k3s3ð Þ ð32Þ
where b3; k3 2 Rþ are control gains. After substituting Eq. (32)
into Eq. (29), we can obtain that
_s3 ¼ D2  b3sgn s3ð Þ  k3s3 ð33ÞTheorem 2. The control law of Eq. (32) ensures the global
exponential convergence of the yaw tracking error as illustrated
by
lim
t!1
ew ¼ 0 ð34Þ
Provided the control gain b3 is selected to satisfy
b3 P D2k k1 ð35ÞProof 2. To prove the above theorem, we deﬁne a Lyapunov
function candidate V2ðtÞ 2 R as follows:
V2 ¼ 1
2
s23 ð36Þ
After taking the time derivative of Eq. (36), substituting
Eq. (33) into the resulting equation, we can obtain that
_V2 ¼ s3D2  b3 s3j j  k3s23 ð37Þ
By using Eq. (35), Eq. (37) can be upper bounded by
_V2 6 k3s23 ¼ 2k3V2 ð38Þ
From Eq. (38), V2ðtÞ is exponential convergence. Since V2ðtÞ
of Eq. (36) is a non-negative function, we have V2ðtÞ 2 L1.
According to Eq. (36), s3ðtÞ is exponentially stable. From
Eq. (32) and Assumption 2, we know that upedðtÞ 2 L1. Basedon Eq. (28), we can get that ewðtÞ has the same steady character-
istic as s3ðtÞ. Thus, the result in Eq. (34) is proved. h4.2.2. Heave dynamics
Let the vertical velocity tracking error, denoted by ewðtÞ 2 R,
be deﬁned as
ew ¼ w wr ð39Þ
Taking the time derivative of Eq. (39), substituting Eq. (26)
into the resulting equation, we can obtain that
_ew ¼ D3 þ h3 þ Zcolucol ð40Þ
The auxiliary function D3ðtÞ 2 R in Eq. (40) is deﬁned as
D3 ¼ Zaaþ Zbb _wr þ d3 ð41Þ
Based on Remark 1 and 2, we know that D3ðtÞ 2 L1. The
auxiliary function h3ðtÞ 2 R in Eq. (40) is deﬁned as
h3 ¼ Zwwþ Zrr ð42Þ
There is no unknown dynamics parameter or external
disturbance in Eq. (42). Based on Eq. (40) and subsequent
stability analysis, ucol is designed as
ucol ¼ 1
Zcol
h3  b4sgnðewÞ  ki
Z t
0
ewðsÞds kpew
 
ð43Þ
where b4; ki; kp 2 Rþ are control gains. After substituting
Eq. (43) into Eq. (40), we can obtain that
_ew ¼ D3  b4sgn ewð Þ  ki
Z t
0
ewðsÞds kpew ð44Þ
Theorem 3. The control law of Eq. (43) ensures the global
asymptotic convergence of the vertical velocity tracking error as
illustrated by
lim
t!1
ew ¼ 0 ð45Þ
Provided the control gain b4 is selected to satisfy the follow-
ing inequality
b4 P kD3k1 ð46ÞProof 3. To prove the above theorem, we deﬁne a Lyapunov
function candidate V3ðtÞ 2 R as follows:
V3 ¼ 1
2
e2w þ
ki
2
Z t
0
ewðsÞds
 2
ð47Þ
After taking the time derivative of Eq. (47), substituting
Eq. (44) into the resulting equation, we can obtain
_V3 ¼ ewD3  b4jewj  kpe2w ð48Þ
By using Eqs. (46) and (48) can be upper bounded by
_V3 6 kpe2w ð49Þ
According to the form of Eq. (49), V3ðtÞ is non-increasing.
Since V3ðtÞ of Eq. (47) is a non-negative function, we have
V3ðtÞ 2 L1. According to Eqs. (44) and (47), we know that
_ewðtÞ 2 L1; ewðtÞ 2 L1. Thus all the closed-loop signals are
282 B. Xian et al.bounded. From Eq. (49), we have ewðtÞ 2 L2. Now the result in
Eq. (45) can be proved based on the Barbalat’s Lemma.19
From Eq. (43) and Assumption 2, we could get that
ucolðtÞ 2 L1. hFig. 4 Trajectories and tracking errors of vertical velocity.
Fig. 2 Trajectories and tracking errors of longitudinal velocity.
Fig. 3 Trajectories and tracking errors of lateral velocity.5. Numerical simulation
In this section, numerical simulation is performed using the
nonlinear unmanned helicopter model in Eq. (2) to validate
the performance of the proposed control system. The model
parameters are given as follows: m ¼ 9:5 kg; g ¼ 9:781 N
kg1;Jxx ¼ 0:251 kg m2;Jyy ¼ 0:548 kg m2;Jzz ¼ 0:787 kg m2;
Hmr¼0:337m;Dtr¼1:035m;Kb¼ 114:05N m;sf¼ 0:299 s;
Ab ¼ 2:233 s1;Ba ¼ 2:448 s1;Alon ¼ 2:575;Blat ¼ 2:575;Km ¼
95:36;Bm ¼ 104:9;Kt ¼ 23:08;Bt ¼ 4:615.5 The parameter Hmr
represents main rotor hub location above the CG of helicopter;
Dtr represents tail hub location behind the CG of helicopter;
Kb represents main rotor spring constant.
In the ﬁght experiment, the goal of the control design is for
the helicopter to track a predeﬁned position trajectory in the
inertia frame expressed by pIr ¼ prx; pry; prz
 	T
. The refer-
ence velocity vBr ¼ ur; vr; wr½ T in the body-ﬁxed frame
can be obtained by
vBr ¼ RT _pIr ð50Þ
The reference position trajectories of the whole ﬁght
envelope are set as
pIr ¼
0; 0; 7:5 cos p
15
t

  1 	 	T; t 6 15
10 1 cos p
20
ðt 15Þ
  	
0
15
2
64
3
75; 15 < t 6 25
10 1þ sin p
20
t 25ð Þ
  	
20 1 cos p
20
t 25ð Þ
  	
15
2
64
3
75; 25 < t 6 65
10 1þ sin p
20
t 65ð Þ
  	
0
15
2
64
3
75; 65 < t 6 75
20; 0; 15½ T; t > 75
8>>>>>>>>>>>><
>>>>>>>>>>>>:
wr ¼ 45
8>>>>>>>>>>>>><
>>>>>>>>>>>>:
ð51Þ
The external wind gust disturbances are set as follows:
dw ¼
0; 0; 0½ T; t 6 30
0:2 sin ptð Þ; 0:2 sin ptð Þ; 0½ T; 30 < t 6 40
0; 0; 0½ T; 40 < t 6 70
0; 0; 0:2 sin ptð Þ½ T; 70 < t 6 80
0; 0; 0½ T; t > 80
8>>><
>>>:
ð52Þ
All the initial values are set to be zero. The control gains are
selected as follows: K ¼ diagð6; 8Þ; k1 ¼ k2 ¼ 2, b1 ¼ 1:46;
b2¼ 1:52;k3¼ 2;k3¼ 2, b3¼ 0:4;kp¼ 8;ki¼ 1;b4¼ 0:4. For
avoidance of the chatter generated by the signum function in
Eqs. (19), (32) and (43), we replace the sgnðsÞ function by a
saturation function satðs=BÞ, where s represents the tracking
error and B is the boundary layer thickness. Here, we choose
B¼ 0:1. We have performed numerical simulations using the
PID and LQR cascaded control20 for comparison with the
Fig. 5 Trajectories and tracking errors of yaw angle.
Fig. 6 Cyclic control inputs of ulon and ulat.
Fig. 7 Collective control inputs of uped and ucol.
Sliding mode tracking control for miniature unmanned helicopters 283proposed controller. The simulation results of sliding mode
control and cascaded control are depicted by solid and dashed
line respectively. Figs. 2–5 show the reference trajectories,
actual trajectories and tracking errors of helicopter’s transla-
tional velocity and heading motion using two different control
methods. It can be seen that the actual trajectories of proposed
controller are driven to their desired values quickly. From
Figs. 2 and 3, we can ﬁnd that the tracking errors of the pro-
posed controller are smaller than the cascaded controller.
From Figs. 4 and 5, we can ﬁnd that the disturbance rejection
capability exceeds the cascaded controller. Figs. 6 and 7 show
the control inputs and it can be seen that they are with some
reasonable values.
6. Conclusions
(1) A sliding mode controller for a class of unmanned heli-
copter with unknown bounded external disturbances is
developed. The GAS of the closed-loop system is proved
by the Lyapunov based stability analysis.
(2) Nonlinear numerical simulation demonstrates that the
controller can achieve superior tracking performance
in multi-ﬂight modes and it is robust with respect to
external wind gust disturbances.
(3) Contrast simulation is also conducted with the PID-
LQR cascaded controller to show the performance
improvement.
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